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Hypersonic Viscous Slip Flow over an
Insulated Flat Plate with Real Gas Effects
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Nomenclature
=t oo/t T
= the mass fraction
= the specific heat at constant pressure
= dissociation energy
= specific enthalpy
= total enthalpy
= Boltzmann’s constant
= Lewis number
= Mach number
= pressure
= Ds/Pw, Pressure ratio
= Prandtl’s number
= universal gas constant
ex = Uy po X/te, Reynolds number
= temperature
dissociation temperature
y/é, the nondimensional y coordinate
the velocity in x-direction
the velocity in y-direction
molecular weight
ratio of specific heats
boundary layer thickness
= density
dissociation density
mean free path
shear stress
coefficient of viscosity
= M_3(¢c/Rex)!/?, strong interaction parameter
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Subscripts
o

0

w

conditions in freestream
conditions at the edge of the boundary layer
conditions at the wall

Introduction

HE hypersonic boundary-layer problem is solved here for

an insulated flat plate with slip effects for-an ideally dis-
sociating gas under equilibrium conditions. Kumar and Jain*
have studied the problem without real gas effects. In Ref. 1 the
term CiA,/L(dn/dé)? is treated as a constant parameter, and
consequently # was shown to be proportional to &. In this
analysis no such parametric treatment is assumed. The problem
is solved as in Refs. 1 and 3, and it is found that, apart from
the real gas effects, for really small slip effects, # is still pro-
portional to £¥* (neglecting higher order effects) for C,4,/8 < 1
(small mean free path). On the other hand, when 8/C,/, was
treated as small with higher order effects neglected (large mean
free path), it was found that # is proportional to &. This change
in the analysis clearly reveals how the mean free paths and the
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resulting slip effects change the character of the zero-slip strong
interaction zone, whiere it is well known that 7 is proportional to
&3, Further, the series solution in terms of the slip parameter
results in the slip effects’ giving a negative contribution to #, thus
reducing the surface pressures. For simplicity the computations -
are carried out for nitrogen.

Analysis
The equations of motion are
d(pu)/Ox+0(pv)/dy =0 (1
Ju ou op 0 du
— et = ——+ | p— 2
P ox pv@y 0x 8y<'u8y> @

6H+ 0H 0f uoH +6 P 1)0 u?
U — v =-—|— — [+ | (Pr—D)—~|=] |-
P 0x p dy Oy| Prdy oy ay\ 2

B—[% (Le— 1)66} (3)

oyl C, dy
plp = (RT/Wm)(1+C,) &
and for an ideally dissociating gas?
C21—Co) = (pp/p)exp(— Tp/T) ©)
and ‘
h=({@4+C)(RT/Wm)+C,D (6)
The viscosity temperature relation is assumed as
poT" (7)
where n = 0.76. The boundary conditions are
y=0, v=0, u=u,=Ci140u/dy), 8)
where

Cy~(n/2Y? and 4, =1256y%u,/a,p.
y=0, u=u;, and T=T;

For Pr=1 and Le = 1, the solution for the energy equation
for an insulated flat plate is

hihs =~ 3y — DM, [(1—1*/u,®)] 9
A linear velocity profile with slip conditions is given by
ufus = A+ By/d (10)

where
A=Cii/1+Cii,/é6 and B=1/14+C1,/6

With Egs. (1) and (2), the momentum integral equation can
be written as

Tw  po® dps* d[ﬂauéz J‘* pu <1 1>dy]
poouooz pocuooz dx dx poouoo2 0 PsUs \Us

11

Introducing nondimensional variables,
{=x/L. . n=9/L
where L = M %u,/poli.. Equation (11) reduces to

Tw n dpo* 2 d *
- = [ps 12
Poolher” M2 dE [ps*am] 12

T ML dE
where m is defined differently for the weak and strong slip cases
below.

The inviscid surface pressure distribution is computed from the
tangent wedge theory as,

ey 2D, () "
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Fig. 1 Variation of p;* with y (M, = 10).

Case of Weak Slip

Here A, < n which means C,4,, <€ 6, where 4, = C;4,/L. For
this case ’

14rc, 1 LA 13\,
i = - T A
o 1+C,1-(CyD/h) I+ 7 1+

s
= A1 + B‘ -
) n
Defining « = 2—(1/m), Eq. (12) becomes
i\ d
ps**” 1“/m<1 - ~—> = =z (m*n’p;*) (14)
i dé _
Expanding » (for « = 1), as in Ref. 3,
N=no+Am+ (15)

For smiall A, the zeroth-order and first-order differential
equations from Eq. (14) can be obtained as

/A1 = (d/dE)(ps*no”) (16)
and
y(By—A4 d
K('i{—l) = d—é[zAﬂ’lo(Aﬂ’h +B1)+ Ano(Any + Byy(y+1) x
0
dano 2 dnge dn,
M, 2| - T wy+ DM 24,2 17
m<dé>+dédéy(/+)oo1'70 (17

Zero-Order Solution

The solution to Eq. (16) with the involved singularity analysis
at the origin ‘was given by Pai* and can be directly taken over
as

Ho=1C Y a,l” (18)
n=0
where { = £Y* and
32 1/4
ap = (‘97[5) (19a)
1
a; =0 (19b)
m /2
2= [2881@] ’ (19)
az; =0 (19d)
1 1
dg = EE)E[? 65 (196)
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where C = [y(y+1)/2]M? and m; = 24,/y. For small ¢ this
solution clearly indicates that yaé** only.

First-Order Solution

The first-order differential equation (17) was first solved with
Ho = aol® only, and later this first-order solutioni was used as
an initial condition to solve Eq. (17) completely for all £ by the
numerical method. This was done not only to ease the calcula-
tions but also to get a clear physical insight for #;. The
solution obtained for #; for small ¢ is

n1 = —§(y—1)/4,(1/Cay*) (20)

whiich shows #; is constant not only initially for small & but also
negative, indicating the behavior of slip effects. Now with the
complete solution of #o, as given by relation (19), and the
initial #, for small £ as in Eq. (20), the differential equation
in (17) can be solved completely by a Runge-Kutta procedure.

Strong Slip Case
Here /4, < 1. In this case

1(14+C, 1 )
= — 14— (G—1)|dy
2L 11C, 1—(CnD/h),: YR )] y
= A+ Bon/i
For this case the momentum integral equation can be derived
as :

? dps* d
= g T gl et Ban)] 22
with n/Agdn/dé ~ 0 for small £ and « = 1. Equation (22) can be
solved as
2 1/3
= - 2
i) e @

It may be mentioned that « in this case is really not of order
unity. However, for better accuracy, Eq. (22) itself can be solved
with a series solution of the form

o0

n=Y a,& 24)

n=1

; v

b /
gd
~_ 3

. PERFECT GAS RESULTS
2. PRESENT RESULTS WITH
REAL GAS EFFECTS
3. PRESENT RESULTS WITH

REAL GAS EFFECTS

AND SLIP

N

Fig. 2 Variation of p;* with 7 (M = 20).
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Conclusions

The graphs in Fig. 1 arc for ps* vs % at Mach number 10.
Curves 1, 4, and 5 present the calculations of this report for the
perfect gas case, the real gas case with no slip effects, and the
real case with slip effects. Curve 4, when compared with curve 1,
indicates that the real gas effects are not very significant for the
Mach number considered, which is also obvious and expected
because T,,, is only around 4000°K. This analysis also is useful
and presents a method of solving for the real gas effects with
slip for the regime between the strong interaction zone and the
strong slip zone, where the behavior of  with respect to ¢ should
be of the strong interaction zone itself for continuity purposes.
Again the reduction of the boundary-layer growth due to slip
effects is clearly brought out by the first-order solution. The
results for the strong slip can be obtained in a similar
manner.

To conclude, the small slip effects do not really change the
character of n with respect to £, which changes only when the
strong slip effects are present. The Aroesty* first-order results are
in good agreement with the present results, indicating that his
results are only for the weak slip case and for this reason the
results of Kumar and Jain! for the strong slip are not in agree-
ment with Aroesty’s results. Real gas effects are not very
significant in the Mach number 10 case, but are seen to be
dominant for the Mach number 20 case as in Fig. 2.
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Introduction

HE motion of liquids in rotating containers is of interest to
geophysicists because of the terrestrial molten core theory
and to aerospace scientists and ballisticians because liquid pay-
loads in missiles and projectiles can present a variety of com-
plicated flight anomalies. In many of the past investigations on
this subject, the liquid motion has been the primary concern
and the liquid-container interaction was-not always considered.
The Ballistic Research Laboratories study the behavior of
cannon-launched, liquid-filled projectiles where the total system
is of interest. The liquid is contained in a right circular cylinder
within the projectile. Upon launch from a cannon, the casing
(cylinder) is -brought to a large, finite spin in a short time
and is then acted upon by liquid and aerodynamic forces, both
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tending to decrease casing spin. If the projectile casing nutational
frequency is sufficiently close to-a liquid eigenfrequency, the
possibility of resonance and resulting yaw amplification exists.
This type of instability can occur while the liquid is in rigid
body rotation or when the liquid is spinning up.

It was the objective of this undertaking to obtain experimental
evidence of projectile instability during this spin-up phase
(transient instability) and to infer increase in liquid angular
momentum by measuring projectile casing spin decay. This was
accomplished by the use of solar aspect sensors and radar
tracking. Projectiles serve as convenient vessels when studying
liquid spin-up and instability under large, impulsive, axial
spins and in no way detract from their resulfs to be generally
applicable to cylindrical containers.

The solar aspect sensors consist essentially of photovoltaic
cells placed behind slits in the ogive portion of the projectile.
The slits are oriented such that the spinning and yawing motion
of the projectile may be extracted from a series of pulses
produced by the cells as they sweep past the sun. The pulses
are telemetered to ground and recorded on magnetic tape.
Details of the technique in accomplishing the measurements are
presented in Refs. 1-3.

Five liquid-filled projectiles were fired from a 155 mm gun
with a muzzle velocity of 1032+15 fps generating an initial
spin rate of 62549 sec™! and having a nominal 30 sec flight
time. Three of the projectiles, with a cavity length to diameter
ratio (¢/a) of 439, were filled to 90% of their volume with
water while the remaining two with a cavity length to diameter
ratio of 4.90 were filled to 80%. The cavity dimensions and fill
ratios were chosen because past experience dictated a stable
flight for the 909 filled case and an unstable one for the 80%
case.

Redundancy of experiment is dictated whenever gun launched
telemetering is involved and only a sample -of each case is
presented here. '

Spin-Up .

The casing of a liquid-filled projectile is subjected to two
axially oriented moments; one of liquid origin (internal) and
the other aerodynamic (external). We may therefore write the
conservation of angular momentum about the axial direction as

Maero+Mliq = vlal.’ (1)
where I, is the axial moment of inertia of the casing and p
is the rate of change of casing spin. After substituting the
relationship for the aerodynamic moment

Maero = %CIPPVSIZP (2)
integrating and manipulating terms we obtain

Ly L <p_o ~ 1)_ S [3(pVCy,p)de
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Fig.1 Temporal increase in angular momentum of a liquid contained

in a projectile.
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